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NOMENCLATURE 

tridiagonal matrix of nondimensional 
coefficients; 
value of 6 at boundary ofjth layer; 
latent heat of wood [J/kg] ; 
mesh point separation [m] ; 
thermal conductivity [W/m K] ; 
total length of slab [m] ; 
number of layers in slab; 
number of mesh points; 
heat flux [W/m’] ; 
critical temperature [K] ; 
initial temperature [K] ; 
time [s] ; 
nondimensional vector of forcing terms; 
distance coordinate through slab [m] ; 
heat loss term due to charring [W/m K]. 

Greek symbols 

>, 
thermal diffusivity [m2/s]; 
nondimensionali~~ djffusivity ; 

fj, nondimensional temperature difference ; 
53 nondimensional distance coordinate through 

slab; 
P% density [kg/m”] ; 
5, nondimensional time (= Fourier number). 

Subscripts 

:iI 
conditions in the charred layer; 
fall-off condition ; 

j. 
lj3 

w , 

attheithmeshpoint(i= 1,2.....n); 
inthejthlayer(,j= 1,2,...,m); 
value of i at boundary ofjth layer ; 
conditions in wood layer. 

INTRODUCTION 

PREDICTION of the unsteady temperature distribution in 
composite slabs by solving the one-dimensional heat equa- 
tion has been studied by many investigators [l-6]. These 
studies differ in the heat flux boundary conditions, the 
boundary conditions between domains, and the methods of 
integration of the dilferential equations. An analysis of some 
numerical methods for heat transfer was also made by 
Segletes [7]. 

In this investigation a simplified model is constructed to 
predict the transient temperature response in a finite eom- 
posite slab in which one or more of the layers may char or 
decompose at high temperature. The complexity introduced 
by this phenomenon is that an additional layer (of char) 
appears after some critical temperature has been reached, and 
the thickness of this layer varies with time at a rate which 
depends on the local time-dependent temperature distri- 
bution. 

The temperature response of single-slab, charring ablators 
and other decomposing materials has been studied [8,9]. 
However, solutions to the composite slab problem with 

charring material are more difficult. In addition, if the thermal 
properties of the layers are very different, the system of 
differential equations to be numerically integrated becomes 
numerically “stiff”. 

A complete analysis of the temperature response of char- 
ring materials would require the solution of additional 
equations ofdegasification continuity and pyrolysis reactions 
[S]. In this investigation the model instead assumes that the 
char begins to form at some critical temperature and later 
begins to fall off as a higher critical temperature is reached. 
This region of charred material then has a thickness which 
varies with time and a thermal diffusivity which is different 
from that of the virgin slab. 

Solutions presented here, except for one comparison 
example, assume a known, constant heat flux at one face of 
the composite slab. After charring occurs, an additional layer 
of char appears between the applied heat and the original 
uncharred slab. By symme~y arguments the boundary 
condition at the cold face of the composite slab is a zero 
temperature gradient. 

The numerical integration scheme used to solve the stiE 
system of differential equations for the composite slab has 
been tested against a known composite slab solution without 
char [S]. The results compare very favorably with previously 
obtained solutions. 

ANALYSIS 

The model for the composite slab problem is based on the 
one-dimensional heat equation for a single material of finite 
thickness L: 

(7T(x, t) a* 7-(x, t) 

- =“-ax2 it 
-, tao, O<x<L (1) 

where T(x, t) is the temperature and M is the thermal 
diffusivity of the material, assumed to be independent of 
temperature. For a symmetrically heated slab of thickness 2L 
the initial and boundary conditions are 

iT(L, r) 
q&r)= -k-. 

iX 

@., t) is the specified heat flux, and k js the thermal 
conductivity of the material. Due to the definition of .Y the 
specified heat flux is negative. Also by symmetry 

q(O,t)= -k 
iT(0, 1) 
- = 0. 

i?n 

One can conveniently nondimensionalize the problem by 
defining a nondimensional distance c g x/l,, a non- 
dimensional time 5 3 rajL2 and a nondimensional tempera- 
ture difference: 
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where T, is the initial temperature [equation (2)] and TE is a 
higher, critical temperature for one of the layers such as a 
charring temperature or an ignition temperature of a com- 
bustible solid. In terms of these nondimensional variables, the 
interval t > 0 remains as T > 0, 0 < x < t becomes 0 < < 
< 1, and r, < T < TE becomes 0 < 0 < 1. The heat equation 
(1)is then 

and the initial and boundary conditions (2-4) become 

O(<, 0) = 0 (7) 

X(1, T) 
--..=,:$LL$ 

?< 
(8) 

F 0 

where q( 1, I) is the specified heat &IX and, at the cold end: 

&j(O, 5) 
--=O, 

c’s 
(9) 

Consider a composite slab composed of m individual 
layers. The jth layer forj = 1, 2. . , m occupies the domain h, 

< r ( bj+Z, with h, = 0 and b,+ 2 = 1. In general each of the 
layers till have different thermal properties. Distance and 
temperature in the composite slab can be non- 
dimensionalized as described above in terms of c and @. 
However, time can be nondimensio~~lized only in terms of 
one of the diffusivities of the materials. If ccj is the diffusivity in 
thejth layer, one can define x = tar/L*, and the heat equation 
f.6) becomes, in thejth layer: 

whereTf.4 rj/al forj = 1.2 ,..., m. 
The nntial condition for the temperature in the composite 

slab is given by equation (7). and the boundary condition at 
the cold end of the slab is given by equation (9). The boundary 
condition at the hot end is, in terms of the specified heat flux 

q(l, r): 

;lO(L 7) 
_-- = pL&cj, 

(‘r 01) 
“3 f. 0 

where k, is the conductivity of the mth layer. In addition to 
these boundary conditions, there exist continuity conditions 
at the boundary b, between layers for j = 2.3,. . . . nz of the 
form 

o(h,-.r) = O&i+. r). (12) 

where b; is a value of 5 slightly smaller than bj and b,+ is a 
value slightly larger. Another continuity condition (the 
energy balance) is: 

Equation (12) represents the fact that the temperature is 
continuous across a boundary between layers, while the 
equation (t3) implies that the heat flux is continuous, 
although, because of the different conductivities the tempera- 
ture gradient is discontinuous. One instance where equation 
(13) will be modified is for the charring of wood. In this case a 
heat loss occurs at the char-wood boundary which is 
proportional to the product of the latent heat of wood and the 
charring rate. 

To solve the heat equation (10) with initial condition (7) 
and boundary conditions (9) and (lt )-(13) the distance 
variable t is discretized using finite difference techniques. A 
set of ordinary differential equations results which can be 
numerically integrated over the independent variable t. Some 
composite slab problems can be solved analytically [6], but in 

the case of a moving char boundary, a numerical solution 
must be used. 

The interval 0 < ir < 1 can be discretized into n - 1 sub- 
intervals oflength h = l/(n- 1) by letting <, = (i- 1)/r be the 
mesh point locations, i = f,2,. , n. In [ 111 a derivation of the 
finite difference equations (14))( 18) below is given, In terms of 
U;(r) g Q(&. 7) and 

(14) 

the heat equation (10) and associated boundary conditions 
are given by 

(ii = rf(Bi+,-2ffi+H,~,)!122 (1% 

for all i f lj,j = 1, 2, , In, where the Ij are the ends (I, = 1, 
- 11) and the boundaries between layers (j = 2,. m) 

kit icl.-- l)h]. The differential equation for mesh pain; 1, 
=‘I (thi cold end) is 

0, = 2r:(f)z-0,):hZ. (16) 

For mesh point I,,,. , = PI (the hot end) ii is 

For the other IP j = 2, 3, .._. m the equations which 
incorporate the continuity conditions are 

[ 

kj8i+1-(kj+k,..,)Ui+kj_,0i_, 

x-- 
--- kjffi*_ I +k;_zx; 1 (18) 

The set of differential equations (lS_ 18) can be written in 
matrix form in terms of the vector O(T) having elements B,(r), 
2.S 

8=‘4o+u; O(O)=O, (19) 

where A is a constant (time-wearying in the case of a-moving 
boundary) N x n tridiagonal matrix. The elements of A are 
functions of the mesh size 12 and the thermal properties at and 
kj. The vector II has all elements equal to zero except the tast 
(i= n) which is equal to Za~(d%/d~),/h [equation (17)]. Ifthe 
layers have appreciably dikrent thermal properties, the 
system of equation (19) is numerically stiff. For this reason, 
the numerical integration routine DIFSLJB, developed by 
Gear [lo] is used. This integrator is a multi-step, variable step 
size method suitable for stiff systems. The variable step size 
capability allows the integrator to select its own time-step size 
based on a specified error criterion. A more detailed de- 
scription of the complete computer program developed to 
handle composite slabs with charring is given in [l I]. 

When one of the layer materials can char or otherwise 
decompose, e.g. wood, the previous results must be modified. 
When the temperature of the surface of the wood reaches a 
critical temperature T+,, assumed to be of the order of 550K, 
the wood begins to char. Several changes result: (i) the layer 
which was originally wood becomes two iayers. wood and 
char, having different thermal properties, (ii) there is a heat 
loss at the wood- char boundary due to the charring process, 
and (iii) as the surface of the char layer reaches a higher 
criticaf temperature Tf,, the char begins to fail off, simulating 
the formation of a porous ash. This fall-off has the effect of 
moving the heat source to the current location of the surface 
of the char layer. 

As the temperature of the slab increases and more char is 
formed, the wood-char boundary moves through the wood. 
The location of this time-varying boundary is simply the 
location in the wood where the temperature has reached the 
value TEh. Analogously the char fall-off location is the point in 
the char at which the temperature has reached TJO > T,,. 
These locations are monitored as the heat equation is 
numerically integrated. Adjustments in the thickness of the 
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char and wood layers are made auto~dti~lly. AS the fall-off 
location passes each mesh point, the number n of differen- 
tial equations to be integrated decreases. 

The heat loss at the wood-char boundary can be modeled 
as 

--qlh = -q,,+p,.Hldx,,!dtl. (20) 

where the subscripts refer to char and wood. -qa is the heat 
flux into the wood from the hotter char and is less than the 
heat flux from the char -Q, due to the heat loss in charring. 
This loss is given by the product of p, (density of wood), N 
(latent heat of wood) and the magnitude of the charring 
rate-the time derivative of xrh. the location of the 
wood--char boundary. (Due to the definition of x, s<.,, 
decreases with time.) 

As char begins to form, the number of layers m in the 
composite slab increases by one. If the wood was originally 
layer m nearest the heat source it now becomes layer tlz .- 1 
with char being layer m. Because the wood and char have 
different thermal conductivities, the thermal gradient 
‘%(I, T)/?[ [equation (1 I)] at the surface of the slab must be 
modified for the same heat flux by scaling it by the ratio 
k,,- ,/k,( = k,/k,,). This results in a smaller gradient since the 
conductivity of char is assumed to be greater than that of 
wood. However. the flow of heat into the slab is not decreased 
since the diffusivity of char is typically larger than that of 
wood due to the low density of char. 

A similar modification is automatically made when all of 
the wood has charred and all of the char is fallen off. At this 
point in the computation the number of layers m is decreased 
by two and the gradient is again resealed. If the new mth layer 
can char, a new charring problem is begun. If it cannot, a 
simple heat conduction model is integrated. 

For the heat flow across the wood-char boundary (i = I,,) 
equation (13) is modified using equation (20) to be 

Equation (18) then becomes for i = I,, 

WOOD 

- 

where 

(23) 

represents the heat loss due to charring. 
In matrix form [equation (lS)] the factor Z introduces an 

additional non-zero component into the ~-dimensional vec- 
tor a. The f,,th component of n is given by the dimensionless 
value 

Note that the value of 1, < tt decreases as the wood-char 
boundary moves through the wood and the value of n 
decreases as the heated char falls off. 

The charring rate <, which is required in equations (21) 
and (24) can be inferred from the rates of change of 
temperatures at the mesh points on either side of the current 
woodPchar boundary. In terms ofthe t,th mesh point defined 
such that 8,“, < O<,, and flr,,,+i > N,,. a linear interpolation 
gives the charring rate as 

In this expression the temperature rates cirR, and (it”*+, are 
known from the differential equations (22) and (15). <‘h is 
negative due to the definition of 2. 

Note that equation (25) causes equation (19) to become 
nonlinear. 

RESULTS 

In Fig. 1 the temperature profiles at threedifferent times are 
shown for a composite slab. The slab is composed of layers of 
wood, steel, gypsum and explosive to simulate packaging of 
an explosive. In this simulation Tr of equation (5) was taken 
to be the ignition temperature of the explosive 450 K ; thus 
when 0 = 1 at mesh point number 15 in Fig. I, the explosive is 
said to ignite. The total number of mesh points is n = 51, the 
magnitude of the heat flux is 0.418 MW mm2 and the total 
slab length is 2.54cm. 

As shown in Fig. 1, at I = 19 s the wood has charred as far 

as the 45th mesh point, where 0 = 1.6. Some time later, at 

METAL GYPSUM EXPLOSIVE 
(----‘I-h/ 

01 

51 45\ 4b 35 3’0 & 20 
U)CATSN OF 

WAR AT t*lQ* GRID LOCATION 

I I 

Frc. 1. Temperature profiies in a composite slab 
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PREDICTED TIME TO REACH 
CRITICAL TEMPERATURE AT THE 
EXPLOSIVE INTERFACE 

10 

CONFIGURATION : 

q ~kJI&J+-E 

%I AhA 

CRITERION TO EXPLOSION : 

@=I at c =I0 

R=A(E,,,/(AE,,,+ A&, 

Flc;. 2. Predicted time to explosion 

t= 47s,the char boundary is located at mesh point number 41. 
Due to the high thermal diffuslvity of steel, the temperature 
drop through the steel layer is quite small compared to the 
other layers. At t = 67 s all of the wood has charred and fallen 
off and the temperature at the explosive surface (mesh point 
15) has reached 0 = 0.12. At this point the computation 
continued as a simple heat flow calculation until 0 at the 
surface of the explosive reached unity at t = 117 s. 

One important application of this study is the ability to 
predict the time required to reach a critical temperature at 
one of the interfaces between layers of a composite slab. 
Calculations were carried out on a three-layered slab com- 
posed of wood, metal and explosive. The total length of the 
slab L was fixed at 2.54cm and solutions were obtained for 
different thickness of wood and metal for a fixed explosive 
layer thickness. Figure 2 shows the predicted time to ex- 
plosion as a function of the ratio R of wood layer thickness to 
the sum of the thickness of the wood and metal layers. 
Explosion occurs when 0 = I at the metal-explosive interface 
at mesh point 10. 

Two models were considered, one allowing the wood to 
char and fall off, the other without including char or fall off. 
One observes in Fig. 2 a dramatic difference obtained by 
including the realistic condition of char and fall-off. For 
R = 0.5 (equal thickness of wood and metal) the predicted 
time to explosion without including char and fall-off is 
27 min. Including char and fall-off yields a time to explosion 
of only 4min. The imposed heat flux for these calcu- 
lations was 0.418MW mm’. 

The result shown in Fig. 2 is only one example of the use of 
this simplified model which includes char and fall-off. Many 
other applications exist. such as optimum packaging of 
explosives and other hazardous materials, in which a pre- 
diction of the time to reach a critical condition is an important 
design parameter. 
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